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This paper is concerned with the existence and stability of nonnegative steady-
state solutions for a model of forest with diffusion and spatial average. By the
theory of analytic semigroup and detailed spectral analysis, the exponential stability
and instability of these steady states are proved. Furthermore, the results about the
global stability of zero solution is also obtained. Q 1999 Academic Press
1. INTRODUCTION
In this paper, we consider the following integrodifferential system,
¡u s db w y g ¤ u y fu ,Ž .t~¤ s fu y h¤ , 1.1Ž .t¢w s a l ¤ y b w q dw ,Ž .t x x
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where
12
g ¤ s a ¤ y b q c, l ¤ s ¤ t , x dx , ; t g 0, ‘ ,Ž . Ž . Ž . Ž . .Ž .H
0
a, b, c, d, f , h, a , b , and d are positive constants. In this system u and ¤
are, respectively, ``young'' and ``old'' tree densities, w denotes density of
Ž .air-borne seeds. Equation 1.1 is first presented and is then reducedlŽ¤ .s¤
to a lower dimensional reaction-cross-diffusion model to study travelling
w xwave solutions in 1 , adjacent to which the existence and the asymptotic
w xstability of the travelling wave is proved in 2, 3 . Because the air-borne
seeds are moving due to the diffuse action, it would be realistic that the
Ž .spatial averaging is included in our consideration, that is the term a l ¤ in
Ž .1.1 to reflect what the growth rate of the density of air-borne seeds must
Ž .be dependent on the amount l ¤ of old tree at time t.
Ž .We consider 1.1 with the initial conditions,
u 0, x s u x , ¤ 0, x s ¤ x ,Ž . Ž . Ž . Ž .0 0
1.2Ž .
w 0, x s w x , x g V ,Ž . Ž . Ž .0
def Ž .where V s 0, 1 , and Neumann boundary conditions,
w t , 0 s w t , 1 s 0, t G 0 . 1.3Ž . Ž . Ž . Ž .x x
For other integrodifferential equations, there is a lot of research work
w xbeing done. In 7 , the method of upper and lower solutions was introduced
and was applied to a large class of integrodifferential systems. Especially
the definition of upper and lower solutions of general integrodifferential
w xsystems can be referred to 7 .
In this paper, we shall consider the existence of nonnegative steady
Ž . Ž .states of 1.1 ] 1.3 and the stability of these steady states. By the theory
of the analytic semigroup and the detailed spectral analysis, we can obtain
the local exponential stability and the instability of steady states. Further-
w xmore, by the method of upper and lower solutions 7, 6 , we obtain the
global exponential stability of zero solution when zero is the unique steady
state.
The plan of this paper is as follows:
In Section 2, the existence of nonnegative steady states is given. Section
3 deals with the local stability and the instability of the steady-states
solutions. In Section 4, the global exponential stability of zero solution is
obtained.
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Ž . Ž .2. THE NONNEGATIVE STEADY STATES OF 1.1 ] 1.3
Ž . Ž .We analyze the steady states of 1.1 ] 1.3 ,
u t , x s u x , ¤ t , x s ¤ x , w t , x s w x .Ž . Ž . Ž . Ž . Ž . Ž .
These solutions satisfy
2
db w y au ¤ y b y f q c u s 0, 2.4Ž . Ž . Ž .
fu y h¤ s 0, 2.5Ž .
d2 w
d y b w q a ¤ s 0, 2.6Ž .2dx
w9 0 s w9 1 s 0, 2.7Ž . Ž . Ž .
where the prime denotes differentiation with respect to x and ¤ denotes
1 Ž . Ž .the spatial average of ¤ , i.e., ¤ s H ¤ x dx. Clearly, 2.6 is a second-order0
linear ordinary differential equation with constant coefficients, the general
Ž .solution of 2.6 is now
a
yv x v xw x s c e q c e q ¤ , 2.8Ž . Ž .1 2 b
Ž .'where v s brd . Then a direct calculation shows that 2.7 implies
c s 0, c s 0, and1 2
a
w x s ¤ . 2.9Ž . Ž .
b
Ž . Ž .This means that w is a constant. Hence, by considering 2.4 and 2.5 it is
easy to see that u and ¤ must be constants as well. Moreover, let
fdadef
q s y f y c. 2.10Ž .
h
By the preceding argument, it is easy to deduce the following results.
Ž . Ž . Ž .PROPOSITION 2.1. i If q - 0, then 1.1 ] 1.3 ha¤e only one steady
state, i.e.,
e s 0, 0, 0 .Ž .0
Ž . Ž . Ž .ii If q s 0, then two steady states of 1.1 ] 1.3 exist
h a
e s 0, 0, 0 , e s u , ¤ , w s b , b , b . 2.11Ž . Ž . Ž .0 1 1 1 1 ž /f b
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Ž . 2 Ž . Ž .iii If 0 - q - ab , then three steady states of 1.1 ] 1.3 exist
e s 0, 0, 0 , e s u , ¤ , w , 2.12Ž . Ž . Ž .0 " " " "
where
q h a
¤ s b " , u s ¤ , w s ¤ . 2.13Ž .(" " " " "a f b
Ž . 2 Ž . Ž .iv If q G ab , then two nonnegati¤e steady states of 1.1 ] 1.3 exist
e s 0, 0, 0 , e s u , ¤ , w ,Ž . Ž .0 q q q q
Ž .where u , ¤ , and w are also gi¤en in 2.13 .q q q
3. LOCAL STABILITY AND INSTABILITY OF
STEADY STATES
Ž . Ž .In this section, we consider the stability of steady states of 1.1 ] 1.3 .
Ž . Ž .As stated in Section 2, the steady states of 1.1 ] 1.3 must be steady states
Ž .of 1.1 .
Ž . Ž .Let z* s u*, ¤*, w* be any fixed nonnegative steady states of 1.1 . The
Ž . Ž .linearized system of 1.1 at u*, ¤*, w* is as follows,
z s L u*, ¤*, w* z, 3.14Ž . Ž .t
where
L u*, ¤*, w*Ž .
2yf y a ¤* y b y c y2 a ¤* y b u* dbŽ . Ž .
f yh 0
s ,
2›
0 a l ? yb q dŽ . 2› x
with
1 2l ¤ s ¤ x dx ;¤ g L V .Ž . Ž . Ž .Ž .H
0
2Ž . 2Ž . 2Ž . m 2Ž . 2Ž . mŽ .Let X s L V = L V = L V and X s L V = L V = H VN N
Ž .m G 1 , with
H m V s w g H m V N w 0 s w 1 s 0 . 4Ž . Ž . Ž . Ž .N x x
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Ž . 2Obviously, L z* : X “ X.N
Ž . Ž .PROPOSITION 3.1. Let z* s u*, ¤*, w* be any steady state of 1.1 , then
Ž .the linear operator L z* generates an analytic semigroup on X.
Ž .Proof. It is sufficient to prove that L z* is a sectorial operator in X.
Ž 2 2 . 2 Ž . 2Ž .Denote A s yb q d › r› x . Obviously, A: H V “ L V and A isN
2Ž .a sectorial operator in L V , and
y1
2 2A A < < < <A l y A F C , for arg l F f , l G R ,Ž . Ž .L ŽV .“ L ŽV . 0 0
3.15Ž .
Ž .with some positive constants R , C, and f g pr2, p . Define an opera-0 0
tor L : X 2 “ X as follows,0 N
0 0 0
L s .0 0 0
0 0 A
It is easy to see that L is a sectorial operator in X, and0
y1 y1
2 2A A A AL l y L F A l y AŽ . Ž .X “ X L ŽV .“ L ŽV .0 0
< < < <F C , for arg l F f , l G R . 3.16Ž .Ž .0 0
Ž . Ž . Ž .Note that L z* s L q L z* , with L z* : X “ X in the following0 1 1
form,
c c c11 12 13
c c 0L z* s ,Ž . 21 221
0 a l ? 0Ž .
where c are constants. By the fact thati j
< < 5 5 1 5 5 2 2l ¤ F ¤ F ¤ , ;¤ g L V ,Ž . Ž .Ž .L L
we have
5 5 5 5L z* z F M z , ;z g X . 3.17Ž . Ž . Ž .X X1 0
Ž . Ž . Ž w x.By 3.16 and 3.17 and the perturbation theory see 4, Theorem 1.3.2 ,
Ž .we deduce that L z* is a sectorial operator in X, this completes the
proof.
By Proposition 3.1 and the standard theory of analytic semigroup
Ž w x. Ž .see 4 , it follows that the exponential stability instability of zero solu-
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Ž . Ž .tion of 3.14 in X implies the exponential stability instability of z* for
Ž .1.1 in X.
In the following, for any fixed steady state z*, we consider the eigen-
Ž .value problem corresponding to the operator L z* , i.e.,
2¡ yf y a ¤* y b y c u y 2 a ¤* y b u*¤ q db w s lu ,Ž . Ž .Ž .
fu y h¤ s l¤ ,~ 3.18Ž .
1
a ¤ x dx y b w q dw s lw ,Ž .H¢ x x
0
with
w 0 s w 1 s 0. 3.19Ž . Ž . Ž .x x
Denote
1 1 1
u s u x dx , ¤ s ¤ x dx , w s w x dx ,Ž . Ž . Ž .H H H
0 0 0
Ž . Ž .then it follows from 3.18 and 3.19 that
b q l¡
¤ s w ,
a
~ h q l h q l b q lŽ . Ž . 3.20Ž .
u s ¤ s w ,
f a f¢P z*, l w s 0,Ž .
with
h q l b q lŽ . Ž .2P z*, l s yf y a ¤* y b y c y lŽ . Ž .Ž .
a f
2 a ¤* y b u* b q lŽ . Ž .
y q db .
a
Ž Ž . Ž . Ž ..In the following, for any fixed l with Re l G 0, let u x , ¤ x , w x be
Ž . Ž .the corresponding solution of 3.18 and 3.19 . We consider separately the
following two possibilities.
Ž . Ž . Ž .I P z*, l / 0, for some l with Re l G 0. In this case, 3.20
assures
w s ¤ s u s 0. 3.21Ž .
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Ž . Ž .It follows from the third equation of 3.18 and 3.21 that
yb w q dw s lw. 3.22Ž .x x
Ž . Ž .By 3.19 and 3.22 and the fact that Re l G 0, we have
w x ’ 0. 3.23Ž . Ž .
Ž .Therefore, the first two equations of 3.18 become
f
¤ s u , P z*, l u s 0, 3.24Ž . Ž .1h q l
with
f2P z*, l s f q a ¤* y b q c q l q 2 a ¤* y b u* .Ž . Ž . Ž .1 h q l
Ž . Ž .i Furthermore, if P z*, l / 0 for any l with Re l G 0, then1
Ž . Ž .3.23 and 3.24 imply
u x , ¤ x , w x ’ 0, 0, 0 ,Ž . Ž . Ž . Ž .Ž .
Ž .thus l is not an eigenvalue of L z* .
Ž . Ž .ii If P z*, l s 0 for some l with Re l G 0, then there exists1
Ž Ž . Ž .. Ž . Ž . Ž Ž . Ž . . Ž .u x , ¤ x / 0, 0 , satisfying 3.24 , and u x , ¤ x , 0 satisfies 3.18 and
Ž . Ž . Ž Ž . Ž . .3.19 , thus l is an eigenvalue of L z* and u x , ¤ x , 0 is the corre-
sponding eigenfunction.
Ž . Ž .II P z*, l s 0, for some l with Re l G 0. In this case, obviously
Ž . Ž .there exist nonzero solutions u, ¤ , w of 3.20 for such fixed l, thus l is
Ž . Ž .an eigenvalue of L z* , and u, ¤ , w is the corresponding eigenfunction.
Note that for any l with Re l G 0, it is easy to check that
Re P e , l ) 0, k s 0, 1 , Re P e , l ) 0, 3.25 4  4Ž . Ž . Ž . Ž .1 k 1 q
Ž . Ž . Ž .where e k s 0, 1 and e are given by 2.11 ] 2.13 . Then by the previousk q
argument, it is easy to deduce the following results.
Ž . Ž . Ž .LEMMA 3.2. i For z* s e k s 0, 1 , or z* s e s u , ¤ , w , lk q q q q
Ž . Ž .is an eigen¤alue of L z* with Re l G 0, if and only if P z*, l s 0.
Ž . Ž . Ž .ii For z* s e s u , ¤ , w , l is an eigen¤alue of L e withy y y y y
Ž . Ž .Re l G 0, if and only if P e , l s 0, or P e , l s 0.y 1 y
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Now, we consider the existence of l with Re l G 0 such that
P z*, l s 0, 3.26Ž . Ž .
in the following three cases.
Ž . Ž .Case 1. For z* s e , which are given by 2.11 , then 3.26 becomes0
g q l h q l b q lŽ . Ž . Ž .
P e , l s y q db s 0, 3.27Ž . Ž .0 a f
where
def 2g s f q ab q c.
Define
F l s g q l h q l b q l ,Ž . Ž . Ž . Ž .0
Ž .then 3.27 becomes
F l y adb f s 0. 3.28Ž . Ž .0
Note that
FX l ) 0, for real l G 0 ,Ž . Ž .0
thus
F l G F 0 ) 0, for real l G 0 , 3.29Ž . Ž . Ž . Ž .0 0
and
F l “ q‘, as real l› q‘ . 3.30Ž . Ž . Ž .0
Ž . Ž .PROPOSITION 3.3. i If F 0 - adb f , then there exists positi¤e l satis-0
Ž .fying 3.28 .
Ž . Ž .ii If F 0 ) adb f , then there is no l with Re l G 0 satisfying0
Ž .3.28 .
Ž . Ž .Proof. First, if F 0 - adb f , then 3.30 implies that there exists0
Ž . Ž .positive l ) 0 satisfying 3.28 , namely, i is true.
Ž .Next, because F l y adb f is a third-order polynomial of l with real0
Ž w x.coefficients, by using the Routh]Hurwitz criterion see 5, pp. 184]186 ,
it is easy to show that if
F 0 y adb f ) 0,Ž .0
Ž . Ž .then all the roots of 3.28 have negative real parts. This implies ii .
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Besides,
) 0, if q - ab2 ,
F 0 y adb fŽ .0 2½ - 0, if q ) ab .
Hence, by Lemma 3.2 and Proposition 3.3 we obtain the following results.
Ž . 2 Ž .LEMMA 3.4. i If q ) ab , then 0, 0, 0 is an unstable steady state of
Ž . Ž .1.1 ] 1.3 .
Ž . 2 Ž . Ž . Ž .ii If q - ab , then 0, 0, 0 is a stable steady state of 1.1 ] 1.3 .
Ž . Ž .Case 2. For q ) 0, z* s e s u , ¤ , w , which is given by 2.12 andq q q q
Ž . Ž .2.13 then 3.26 becomes
g q l h q l b q l hŽ . Ž . Ž .q q
P e , l s y y b q l q db s 0,Ž . Ž .q a f a f
3.31Ž .
where
qdef def 'g s f q q q c, h s 2 aq h b q . 3.32Ž .(q q ž /a
Define
F l s g q l h q l b q l q h b q l ,Ž . Ž . Ž . Ž . Ž .q q q
Ž .then 3.31 becomes
F l y adb f s 0. 3.33Ž . Ž .q
Ž .LEMMA 3.5. Assume q ) 0. Then e s u , ¤ , w is a locally exponen-q q q q
Ž . Ž .tially stable steady state of 1.1 ] 1.3 .
Proof. By Lemma 3.2, it is sufficient to prove that
F l y adb f / 0, for any l with Re l G 0 , 3.34Ž . Ž . Ž .q
Ž .which is equivalent to prove that all the roots of 3.33 have negative real
parts. If we write
F l y adb f s a l3 q a l2 q a l q a , 3.35Ž . Ž .q 0 1 2 3
Ž .then a s 1, a s g q h q b , a s g h q b q hb q h and, by using0 1 q 2 q q
Ž .2.10 ,
a s b h q g h y fad s b h .Ž .3 q q q
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It is easy to verify that
a a1 3a ) 0, ) 0,1 a a0 2
a a 0 3.36Ž .1 3
a a1 3a a 0 s a ) 0.0 2 3 a a0 2
0 a a1 3
Ž .By using the Routh]Hurwitz criterion, 3.36 implies that all the roots of
Ž .3.33 have negative real parts.
2 Ž .Case 3. For 0 - q - ab , z* s e s u , ¤ , w which is given byy y y y
Ž .2.12 , then
g q l h q l b q l hŽ . Ž . Ž .y y
P e , l s y q b q l q db , 3.37Ž . Ž . Ž .y a f a f
where
q'g s f q q q c, h s 2 aq h b y .(y y ž /a
2 Ž .LEMMA 3.6. Assume that 0 - q - ab . Then u , ¤ , w is an unstabley y y
Ž .stationary solution of 1.1 .
Ž .Proof. From 3.37 , a calculation yields that
ƒ'2 aq h q
P e , 0 s b y b ) 0Ž . (y ¥ž /a f a §P e , l “ y‘, as l “ q‘Ž .y
« ’l* ) 0, such that P e , l* s 0.Ž .y
Ž .Moreover, Lemma 3.2 assures that l* ) 0 is an eigenvalue of L e ,y
which completes the proof.
By Proposition 2.1 and Lemmas 3.2]3.6, we have the following theorem:
Ž . Ž . Ž .THEOREM 3.7. i If q - 0, then 1.1 ] 1.3 ha¤e only one nonnegati¤e
Ž .steady state e s 0, 0, 0 , and e is exponentially stable.0 0
Ž . Ž . Ž .ii If q s 0, then 1.1 ] 1.3 ha¤e exactly two nonnegati¤e steady
states e and e , where e is exponentially stable.0 1 0
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Ž . 2 Ž . Ž .iii If 0 - q - ab , then 1.1 ] 1.3 ha¤e three nonnegati¤e steady
states e , e , and e , where e and e are exponentially stable and e is0 y q 0 q y
exponentially unstable.
Ž . 2 Ž . Ž .iv If q G ab , then 1.1 ] 1.3 ha¤e exactly two nonnegati¤e steady
states e and e , where e is exponentially stable and e is exponentially0 q q 0
unstable.
4. THE GLOBAL STABILITY OF ZERO SOLUTION IN
THE CASE q - 0
In the present section we apply the lower and upper solution method
Ž w x.see 7, 6 to the proof of the following theorem.
THEOREM 4.1. Assume that q - 0. Then for any nonnegati¤e bounded
Ž Ž . Ž . Ž ..initial ¤alue, there exists a unique global solution u t, x , ¤ t, x , w t, x to
Ž . Ž . Ž . Ž .1.1 ] 1.3 . Moreo¤er, the zero solution of 1.1 ] 1.3 is globally exponentially
stable in the following sense: for any fixed M ) 0, there exist positi¤e constants
Ž .u , ¤ , w , and s , with s not depending on M, such that if 0, 0, 0 FM M M
Ž Ž . Ž . Ž .. Ž .u x , ¤ x , w x F M, M, M , then0 0 0
0, 0, 0 F u t , x , ¤ t , x , w t , xŽ . Ž . Ž . Ž .Ž .
ys tF u , ¤ , w e , ; x g V , t ) 0 . 4.38Ž . Ž . Ž .M M M
Ž Ž . Ž . Ž ..Proof. For any fixed nonnegative and bounded u x , ¤ x , w x ,0 0 0
choose M ) 0 sufficiently large, such that
0, 0, 0 F u x , ¤ x , w x F M , M , M .Ž . Ž . Ž . Ž . Ž .Ž .0 0 0
Let
u s u eys t , ¤ s ¤ eys t , w s w eys t ,Ä Ä ÄM M M
where u , ¤ , w , and s are positive constants to be determined later,M M M
such that
¡u G db w y cu y fu ,Ä Ä Ä Ät
¤ G fu y h¤ ,Ä Ä Ät~ 4.39Ž .w G a l ¤ y b w q dw ,Ž .Ä Ä Ä Äx x
u 0, x G u x , ¤ 0, x G ¤ x , w 0, x G w x ,Ž . Ž . Ž . Ž . Ž . Ž .Ä Ä Ä0 0 0¢w t , 0 s w t , 1 s 0, t G 0 .Ž . Ž . Ž .Ä Äx x
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It is equivalent to
¡0 G db w y c q f y s u ,Ž .M M
h y s ¤ G fu ,Ž . M M~ 4.40Ž .b y s w G a ¤ ,Ž . M M
u G max u x , ¤ G max¤ x , w G max w x .Ž . Ž . Ž .¢ M 0 M 0 M 0
V V V
Now, s ) 0 can be chosen sufficiently small such that
h y s ) 0, b y s ) 0, 4.41Ž .
and u ) 0 can be chosen sufficiently large such thatM
fdef
u G M , ¤ s u G M ,M M Mh y s
a a fdef
w s ¤ s u G M .M M Mb y s b y s h y sŽ . Ž .
Ž .Furthermore, by the fact q - 0 and 4.41 we can make s ) 0 sufficiently
small such that
adb f
db w y c q f y s u s y c q f y s uŽ . Ž .M M M½ 5b y s h y sŽ . Ž .
ad f b h
s q q s q y 1 uM½ 5h b y s h y sŽ . Ž .
- 0.
Ž .Hence, 4.40 holds. Obviously,
db w y cu y f u G db w y g ¤ u y f u , ;¤ g R . 4.42Ž . Ž . Ž .Ä Ä Ä Ä Ä Ä
Ž w x.Thus, by the definition of the upper and lower solution see 7 , we see
Ž . Ž . Ž .that 4.39 , 4.40 , and 4.42 imply
u , ¤ , w s 0, 0, 0 and u , ¤ , w s u , ¤ , w eys tŽ . Ž . Ž . Ž .Ä Ä Ä M M MÄ Ä Ä
Ž . Ž .are lower and upper solutions of 1.1 ] 1.3 , respectively. Then the proof
w xof this theorem is completed by the comparison theorem 7 .
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